The purpose of this paper is to propose a sheaf theoretic approach to the theory of quantum principal bundles over non affine bases. We study the quantization of principal bundles G −→ G/P , where G is a complex simple group and P a parabolic subgroup.
Introduction
A quantum principal bundle is usually described as an algebra extension B ⊂ A, with A the "total space" algebra on which coacts a quantum group, and B the "base space" subalgebra of coinvariant elements. Principality is encoded in the notion of faithfully flat Hopf-Galois extension while local triviality is encompassed by the locally cleft property.
In the commutative setting, this picture proves to be extremely effective when the base space X is affine, that is, when the algebra B is containing all of the information to reconstruct the base space. For a projective base, however, the coinvariant ring B consists of just the constants, so it is not the object of interest anymore.
We focus on an important special case, that is when X is the quotient of a complex semisimple group G and a parabolic subgroup P . In this case, in fact, X = G/P is projective, and we can effectively substitute the coinvariant ring B with O(G/P ), the homogeneous coordinate ring of G/P with respect to a chosen projective embedding, corresponding to a line bundle L. We start from a character χ of P , with associated line bundle L on G/P . The character χ has a lift t ∈ O(G), the coordinate ring of the affine group G, with some natural characterizing properties (see Prop. 3.2 and refer also to [9] , Prop. 2.9 Sec. 2). The so-called classical section t contains all the information about the line bundle L, hence of the projective embedding of G/P . The homogeneous coordinate ring O(G/P ) of G/P , with respect to the given projective embedding, is then recovered as the semi-coinvariant elements of O(G) with respect to χ (see formulas (4) in Sec. 3 and compare with the coinvariant formula (2) in Sec. 2).
In this paper we take a very general point of view on the definition of quantum principal bundle (see Def. 2.3), so that we can accomodate the affine setting, that we mentioned above, but also the case of projective base, together with a preferred projective embedding. In our definition a quantum principal bundle is a locally cleft sheaf of H comodule algebras for a given Hopf algebra H. In the ordinary setting, when the base is affine (for example, we consider a base in the C ∞ category), the algebra of global sections is an Hopf Galois extension. But when the base is a projective variety, for example if we take the complex algebraic variety X = G/P , this notion still makes sense and actually gives us the correct point of view to proceed to the quantization.
We can in fact obtain the quantum homogeneous coordinate ring O q (G/P ) as the O q (P ) semi-coinvariant elements of the quantum group O q (G), the quantization of the semisimple group G, (see [9, 16] for more details on this construction). The key is the existence of a quantization d ∈ O q (G) of t ∈ O(G), that we call a quantum section (see Def. 3.6). We then proceed to obtain from O q (G) a suitable sheaf of O q (P )-comodule algebras, which will be our quantum principal bundle over the quantum space obtained through O q (G/P ).
Notice that both the categories of smooth and algebraic objects are encompassed by our treatment.
The quantization of the flag variety G/P and its noncommutative geomety has recently attracted a lot of attention. The theory, also following the remarkable classification of differential calculi over irreducible quantum flag manifolds in [22, 23] , has been conspicuously developed in the past years, see for ex. [10, 24, 25, 29, 30, 11] . In particular, the study of quantum projective space as a quantum homogeneous space has proven fruitful, however, it has mainly concerned quantum projective space as the base space of a quantum principal U(N − 1)-bundle with quantum SU(N) total space, i.e. a study not in the projective context. Indeed despite the progress on quantum principal bundles [4, 3, 5, 20] , the projective setting, describing quantum versions of principal bundles G → G/P , with P parabolic, is yet to be fully understood. The aim of this paper is to provide a key step in this direction, together with an appropriate setting for a future differential calculus on such quantizations. This paper is organized as follows. In Sec. 2, we take Pflaum and [7] point of view and define quantum principal bundles using a sheaf theoretic approach. We also provide the toy example of SL 2 /P both in the classical and the quantum setting to illustrate the general theory we are going to develop later on.
In Sec. 3, we discuss quantum projective varieties, first through a brief summary of the key results in [9, Sec. 2] and then adding some results in the end. Starting from a quantum section d ∈ O q (G), we construct first the homogeneous ring O q (G/P ) and then a sheaf F of O q (P )-comodule algebras on the quantum space G/P by local data, that is by considering suitable projective localization of O q (G/P ).
In Sec. 4, we develop a general theory on quantum principal bundles, reaching our main result, namely Thm 4.8.
In Sec. 5, we concentrate our attention on the example of quantum projective spaces. Using the results proven in the previous sections, are able to prove that the quantum projective space is the base space of a natural quantum principal bundle, defined with the methods of Sec. 4.
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Quantum Principal bundles
In the category of locally compact Hausdorff topological spaces, a principal bundle is a bundle E → M, with compatibility requirements regarding the P -space structure, for a given topological group P . These requirements can be effectively summarized by asking that the map
is a homeomorphism, with M = E/P . We can dualize this picture by replacing spaces with their function algebras, that is we replace E with A = C(E), M with B = C(M) and P with H = C(P ). The notion of principal bundle is then replaced by that of faithfully flat Hopf-Galois extension. The Hopf-Galois property is the freeness of the P -action, and amounts to the requirement that the pull-back of the above map, called canonical map,
is a bijection. The faithfully flat property, or equivalently, the equivariant projectivity conditions correspond to the principality of the action (see e.g. [5] ).
In the affine algebraic category, we can proceed and give the same definitions, where in place of C(E), C(M) and C(P ) we take the coordinate rings of E, M and P . In fact, the contravariant functor associating to affine varieties their coordinate ring is an equivalence of categories (see Prop. 2.6, Ch. II [21] for more details).
However, when we turn to examine the case of projective varieties, since the above mentioned equivalence of categories does not hold anymore as stated, but becomes more involved, we need to take a different approach to the theory of principal bundles, introducing the sheaves of functions on our geometric objects. As it turns out, this approach, despite its apparent complication and abstraction is very suitable for quantization.
The Classical description
We start with a description of the classical setting. We take our ground field k to be the complex or the real numbers. Definition 2.1. Let E and M be topological spaces, P a topological group and ℘ : E −→ M a continuous function. We say that (E, M, ℘, P ) is a Pprincipal bundle (or principal bundle for short) with total space E and base M, if the following conditions hold 1. ℘ is surjective.
2. P acts freely from the right on E.
3. P acts transitively on the fiber ℘ −1 (m) of each point m ∈ M.
4. E is locally trivial over M, i.e. there is an open covering M = ∪U i and homeomorphisms
We can speak of algebraic, analytic or smooth P -principal bundles, we just take the objects and the morphism of Def. 2.1 in the appropriate categories. Notice that ℘ is open.
In [32] Pflaum gives a sheaf theoretic characterization of principal bundles, in the category of locally compact topological spaces, which is very suitable for non commutative geometry.
In the algebraic category, we can give another characterization of principal bundles, which is very important for our subsequent treatment and it is closely related to Pflaum's one. For the basic definitions regarding algebraic groups refer to [2] Ch. II. • There exists an open covering {U i } of M such that we have the following algebra isomorphisms
We notice that condition (1) establishes M ≃ E/P ; we will identify M and E/P , so that correspondingly
gives the local triviality, the transitive action of P on the fiber and the freeness of the P action on E. We leave the details of this characterization to the reader, it will be a small variation of the argument given in [32] , [6] .
The Quantum description
We now proceed and extend this point of view in order to give the definition of quantum principal bundle: it is based on [32] (see also Prop. 2.2) and also on [7, 1] , but our definition is more general since it takes into account the possibility for the base manifold to be projective and furtheremore we take our category to be algebraic (see also [4, 5] ).
We will work with algebras (not necessarily commutative) over a fixed base ring. All algebras will be unital and morphisms preserve the unit. In particular we will work with H-comodule algebras (A, δ) , where δ denotes the Hopf algebra coaction (frequently omitted). Hopf algebras will be with bijective antipode. Definition 2.3. Let (H, ∆, ε, S) be a Hopf algebra and A be an H-comodule algebra with coaction δ :
The extension A of the algebra B is called H-Hopf-Galois (or simply HopfGalois) if the map
(called the canonical map) is bijective.
If E −→ M is a P -principal bundle and E, M and P are affine algebraic varieties or differentiable manifolds, then the algebra of functions (algebraic or differential) on E and P correspond respectively to the algebras A and H satisfying the Definition 2.3. The algebra B is the algebra of functions on the base manifold M (see e.g. [5] , [1] for details).
Example 2.4. Let B be an algebra with trivial right H-coaction, i.e., δ(b) = b ⊗ 1 for all b ∈ B. Consider H as an H-comodule algebra with the coaction given by the coproduct ∆. Then A := B ⊗ H is a right H-comodule algebra (with the usual tensor product algebra and right H-comodule structure). We have A coinv H ≃ B and χ :
is easily seen to be invertible; hence B ⊂ A = B ⊗ H is an H-Hopf-Galois extension.
We denote as usual by ℓ * j the convolution product of two linear maps j : A cleft extension is furthermore a faithfully flat (or equivariantly projective) Hopf Galois extension (see e.g. [5] ). The notion of cleft extension is the non commutative generalization of that of trivial principal bundle.
We want to present a notion of quantum principal bundle that is more general than that of Hopf-Galois extension persented in Def. 2.3, and which can accomodate also the case where M is an algebraic variety, which is not affine. To this end, we consider a sheaf theoretic description of quantum principal bundles. We start by introducing the notion of quantum ringed space. Classical differentiable manifolds or algebraic varieties, together with the sheaves of functions on them (differentiable or algebraic) are examples of quantum ringed spaces. Also supergeometry provides important examples (see [8] Ch. 3). We now define the key notion of quantum principal bundle by extending to the quantum case what we established in Proposition 2.2.
Definition 2.9. Let (M, O M ) be a ringed space and H a Hopf algebra. We say that F is an H-principal bundle or quantum principal bundle over
• F is a sheaf of H-comodule algebras;
• There exists an open covering {U i } of M such that:
The locally cleft property is equivalent to the existence of a projective cleaving map that is a collection of cleaving maps
is Hopf-Galois, is equivalent to a sheaf of Hopf-Galois extensions, indeed, as observed in [7] , the property of being Hopf-Galois restricts locally. The sheaf of Hopf-Galois extentions is locally cleft if there is a covering {U i } of M where the Hopf-Galois extensions F (U i ) coinvH ⊂ F (U i ) are cleft. We see that a locally cleft sheaf of Hopf-Galois extensions is in particular a quantum principal bundle.
Let us see a simple example, in the commutative setting, that we will generalize to the non commutative setting and generic dimensions.
Example 2.11. Let E = SL 2 (C) and consider the principal bundle ℘ :
, where P is the upper Borel in SL 2 (C), i.e., the subgroup of all matrices with vanishing entry (1,2). Let A = O(SL 2 ) be the algebra of regular functions on the complex special linear group SL 2 (C). We explicitly have
where C[a, b, c, d] denotes the commutative algebra over C freely generated by the symbols a, b, c, d, while (ad − bc − 1) denotes the ideal generated by the element ad − bc − 1, that implements the determinant relation.
Let O(P ) be the algebra of functions on P ⊂ SL 2 (C), this is the quotient 
The coinvariants B = A coinv O(P ) of this coaction are just the constants, indeed the coinvariant are functions on the base space P 1 (C), and the only regular functions on all projective space are the constants (Liouville theorem). We see that the extension A coinv O(P ) ⊂ A is not Hopf-Galois, and that this is due to the lack of regular functions on the base space of the P -principal bundle ℘ : SL 2 (C) → SL 2 (C)/P ≃ P 1 (C). Nevertheless, we can define an O(P )-principal bundle structure according to Definition 2.9. To this aim, we first consider an affine open cover of the total space and then we project it to the base.
Let {V 1 , V 2 } be the open cover of SL 2 (C) where V i consists of those matrices in SL 2 (C) with entry (i, 1) not equal to zero. Define U i = ℘(V i ) and observe that {U 1 , U 2 } is an open cover of P 1 (C) since ℘ is an open map. The algebras of functions on the opens V 1 and V 2 are the localizations
The coaction in (3) uniquely extends to coactions δ i :
Notice that they are the coordinate rings of the affine algebraic varieties
Next we consider on P 1 (C) the topology {∅, U 12 = U 1 ∩U 2 , U 1 , U 2 , P 1 (C)} (this is a rough topology, but sufficient to describe the principal bundle on P 1 (C)). We then define the ringed space (P 1 (C), O P 1 (C) ) with sheaf of regular functions O P 1 (C) given by
and with O P 1 (C) (∅) being the one element algebra over C, terminal object in the category of algebras. It is easy to verify that the restriction morphism r 12,2 : B 2 → B 12 , w → z −1 , with all other ones being given by the obvious inclusions (but for the empty set where we have the canonical projections) indeed define the sheaf of regular functions on P 1 (C). Finally we define the sheaf F of O(P )-comodule algebras
and F (∅) := {0} (the one element algebra) with the obvious restriction morphisms.
We now show that all properties required by Def. 2.9 are satisfied. Indeed
is a trivial extension (and hence a cleft extension) because the map j 1 : O(P ) → A 1 defined on the generators by
and extended as algebra morphism to all O(P ) is well defined and easily seen to be an
Example 2.12. We discuss the quantum deformation of the previous example. Consider the algebra A q that is the algebra C q a, b, c, d freely generated
, q an indeterminate that may be specialized to a complex number) by the symbols a, b, c, d, modulo the ideal I q generated by the q-commutation relations (or Manin relations, c.f. Def. 5.1),
and modulo the ideal (ad − q −1 bc − 1) generated by the determinant relation. In short:
Let us similarly define
Let U i be a cover of M = SL 2 (C)/P as in Example 2.11. In analogy with the classical case we define
, the non commutative localizations in the elements a and c respectively. The coinvariants are given by
and the ringed space (P 1 (C), O q P 1 (C) ) can be then easily constructed in analogy with the commutative case:
with the restriction map given by r q 12,2 : B q 2 → B q 12 , v → u −1 that is again well defined since on U 12 one has uv = 1 = vu.
The natural candidate
is again a sheaf of O q (P )-comodule algebras on P 1 (C); note in particular that A q 12 is well defined since the localization we choose satisfies the Ore condition (see [33] ). As in the previous section we define the cleaving maps j i : O q (P ) −→ A q,i , i = 1, 2 on the generators as:
We observe that j 1 extends to an algebra map to all A q,1 :
and similarly for j 2 . The comodule property of j 1 (and similarly for j 2 ) is then easily checked on the generators:
We can then conclude that A q i are trivial O q (P )-extensions of B q i .
We will study a generalization of the above example in Sec. 5. In that more general setting we will use the following proposition (see e
Remark 2.14. In Example 2.12, with {U i } open cover of P 1 (C), the B-sheaf is the restriction of F to B = {∅, U 12 , U 1 , U 2 }, and F (P 1 (C)) is recovered as the pull-back
Quantum projective varieties
We present an approach to quantum projective varieties introduced originally in [9] and show how it can be naturally adapted to the context of quantum principal bundles. Some of the material in this section is contained in [9] and [16] , however given our different setting and purpose, especially since in the first reference the accent is on Poisson geometry and Quantum Duality principle, we shall briefly recall the main definitions and results for the reader's convenience.
Projective embeddings of homogeneous spaces
If G is a semisimple complex algebraic group, P a parabolic subgroup, the quotient G/P is a projective variety and the projection G −→ G/P is a principal bundle (see Def. 2.1). G/P is an homogeneous space for the G-action and just an homogeneous variety for the P -action, which is not transitive. Given a representation ρ of P on some vector space V , we can construct a vector bundle associated to it, namely
The space of global sections of this bundle is identified with the induced module (see, e.g., [21] for more details)
Assume L is very ample, i.e. it is generated by a set of global sections f 0 , f 1 , . . . , f N ∈ O(G/P ) 1 ; so that the algebra O(G/P ) is graded and generated in degree 1 (by the f i 's). Then O(G/P ) is the homogeneous coordinate ring of the projective variety G P with respect to the embedding given via the global sections of L (see [13] , p. 176).
We want to reformulate this classical construction in purely Hopf algebraic terms. The character χ is a group-like element in the coalgebra O(P ) . The same holds for all powers χ n (n ∈ N ). As the χ n 's are group-like, if they are pairwise different they also are linearly independent, which ensures that the sum
, is a direct one. Moreover, once the embedding is given, each summand O(G/P ) n can be described in purely Hopf algebraic terms as
with π : O(G) −→ O(P ) the standard projection, S the antipode of O(P ) . Lifting S(χ) ∈ O(P ) to an element t ∈ O(G) we have the following proposition.
Proposition 3.2. Let P be a parabolic subgroup of a semisimple complex algebraic group G and denote by π : O(G) −→ O(P ) the natural projection dual to the inclusion P ⊂ G. If G/P is embedded into some projective space via some very ample line bundle L then there exists an element t ∈ O(G) such that
where O(G/P ) is the homogeneous coordinate ring generated by the global sections of L, i.e. generated by O(G/P ) 1 . Vice-versa, given t ∈ O(G) satisfying (5), (6), if O(G/P ) as defined in (7), (8) is generated in degree 1, namely by O(G/P ) 1 , then O(G/P ) is the homogeneous coordinate ring of the projective variety G/P associated with the projective embedding of G/P given by the very ample line bundle L = G× P C, the P -action on C being induced by π(t).
Proof. See [9] .
Notice that while S(χ) = π(t) is group-like, t has an "almost group-like property", given by (5). We call an element t ∈ O(G) satisfying (5), (6) a classical section because t ∈ O(G/P ) 1 . The line bundle L and the projective embedding O(G/P ) depends only on π(t) , not on the lift t.
Remark 3.3. We point out that O(G/P ) is a unital subalgebra as well as a (left) coideal of O(G)
; the latter property reflects the fact that G P is a (left) G-space. Thus, the restriction of the comultiplication of O(G) , namely
is a coaction of O(G) on O(G/P ), which makes O(G/P ) into an O(G)-comodule algebra. Moreover O(G/P ) is graded and the coaction ∆ O(G/P ) is also graded w.r.t. the trivial grading on O(G) , so that each O(G/P ) n is indeed a coideal of O(G) as well.
Quantum homogeneous projective varieties
We recall the notion of quantum homogeneous space and then turn to the quantization of the picture described in the previous section. We quickly recall some definitions of quantum deformations and quantum groups, establishing our notation.
Let the ground field be k. We assume k to be algebraically closed. Let G be an algebraic group, O(G) its function algebra. , where q is an indeterminate, such that:
as an Hopf algebra;
2. O q (G) is torsion-free, as a k q -module;
We also call O q (G) a quantum deformation of G , or for short quantum group.
We also say that the
is the coordinate ring of an affine variety M, we also say that O q (M) is a quantization of M. If O(M) is the coordinate ring of a projective variety, with respect to a given projective embedding, we say that O q (M) is a quantization of M provided it is graded and the quantization preserves the homogeneous components.
We further define quantum homogeneous varieties.
Definition 3.5. Let M be an homogeneous space with respect to the action of an algebraic group G. We say that its quantization O q (M) is a quantum homogeneous variety (space), if it admits a coaction of the quantum group O q (G). If M is projective, the coaction must also respect the grading of O q (M) and in this case we call O q (M) a quantum homogeneous projective variety.
Let O q (G) be a quantum group and O q (P ) a quantum subgroup, quantizations respectively of G and P as above. Since from Proposition 3.2 a classical section t defines a line bundle on G/P and a projective embedding, we study a quantum projective embedding by quantizing this classical section. Definition 3.6. A quantum section of the line bundle L on G P associated with the classical section t, is an element d ∈ O q (G) such that
where π : O q (G) −→ O q (P ) := O q (G)/I q (P ), I q (P ) being a quantization of the ideal I(P ) defining P .
Define now:
O q (G/P ) := O q (G/P ) n , where
We recall a result from [9] .
Theorem 3.7. Let d be a quantum section on G P . Then
Hence O q (G/P ) is a quantum homogeneous projective variety.
From now on we assume that O q (G/P ) is generated in degree one, namely by O q (G/P ) 1 .
The quantum grassmannian and flag are examples of this construction (see [14, 16] ) and they are both generated in degree one.
Example 3.8. Let us consider the case G = SL n (C) and P the maximal parabolic subgroup of G:
The quotient G/P is the Grassmannian Gr of r spaces into the n dimensional vector space C n . It is a projective variety and it can be embedded, via the Plücker embedding, into the projective space P N (C) where N = n r . This embedding corresponds to the character:
The coordinate ring O(Gr) of Gr, with respect to the Plücker embedding, is realized as the graded subring of O(SL n ) generated by the determinants d I of the minors obtained by taking (distinct) rows I = (i 1 , . . . , i r ) and columns 1, . . . , r. In fact one can readily check that d = det(a ij ) 1≤i,j≤r is a classical section and, denoting by π : O(SL n ) −→ O(P ) is the natural projection dual to the inclusion P ⊂ SL n , that
In [14] the quantum Grassmannian O q (Gr) is defined as the graded subring of O q (SL n ) generated by all of the quantum determinants D I of the minors obtained by taking (distinct) rows I = (i 1 , . . . , i r ) and columns 1, . . . , r. It is a quantum deformation of O(Gr) and a quantum homogeneous space for the quantum group O q (SL n ), (see [14, 16] for more details). Again one can readily check that d = D 1...r is a quantum section and that
where O q (P ) = O q (G)/I q (P ) is the quantum subgroup of O q (G) defined by the ideal I q (P ) = (a ij ) generated by the elements a ij for r + 1 ≤ i ≤ n and 1 ≤ j ≤ r, and π : O q (G) −→ O q (P ).
Quantum Principal bundles from parabolic quotients G/P
We now want to relate the above construction with the notion of quantum principal bundle introduced in Sec. 2 in the general setting.
Sheaves of comodule algebras
Let G be a semisimple complex algebraic group, P a parabolic subgroup, O q (G) and O q (P ) := O q (G)/I q (P ) the quantizations of their coordinate rings O(G) and O(P ).
We start with a classical observation recalling the construction of a (finite) basis {t i } i∈I of the module of global sections of the very ample Line bundle L → G/P associated with a classical section t. We also construct the corresponding open cover {V i } i∈I of G.
Observation 4.1. Recalling Proposition 2.13, we consider an element in t ∈ O(G) satisfying (5) and (6) and defining a very ample line bundle L → G/P , with t ∈ O(G/P ) 1 ⊂ O(G) that is now a section of L. Let ∆(t) = t (1) ⊗t (2) = i∈I t i ⊗t i be its coproduct and notice that the elements t i can be chosen to be linearly independent. We now show that {t i } i∈I is a basis of O(G/P ) 1 , the module of global section of L, hence the t i 's generate O(G/P ) as a (graded) algebra. Indeed, by the Borel-Weyl-Bott theorem, O(G/P ) 1 is an irreducible G module (corresponding to the infinitesimal weight uniquely associated to χ). By the very definition of ∆, the G-action on t is given by, for all g, x ∈ G:
Since O(G/P ) 1 is irreducible, for any f ∈ O(G/P ) 1 there exists a g ∈ G, such that f = g · t and consequently f is a linear combination of the t i 's by (10) . Hence the t i 's form a basis of O(G/P ) 1 . Furthermore, a covering of G is given by {V i } i∈I , where the open sets V i are defined by the non vanishing of the corresponding t i ∈ O(G). This is so because the line bundle L defines a projective embedding of G/P , hence there are no common zeros for its global sections.
Based on the previous observation we have the following important property of the quantum homogeneous projective variety O q (G/P ). 
Then the d i 's can be chosen so to form a basis of O q (G/P ) 1 as k q free module, hence of O q (G/P ) as graded algebra.
Proof. The fact that the d i 's belong to O q (G/P ) 1 is non trivial, but it is an immediate consequence of Prop. 3.10 in [9] . The property that they generate O q (G/P ) 1 as k q free module is a consequence of the same property being true in the classical setting (see Obs. 4.1) and comes through the application of Prop. 1.1 in [18] followed by Lemma 3.10 in [17] .
We assume that S i = {d r i , r ∈ Z ≥0 } is Ore in order to consider localizations of O q (G) and hence define a sheaf. We furtherly assume that S i = {d r i } is Ore in the graded subalgebra O q (G/P ) of O q (G).
We can then define:
the Ore extension of O q (G) with respect to the multiplicatively closed set
given by:
where with an abuse of notation we write π(d)
by the universality of the Ore construction we have our definition of δ i .
Assume now we can form iterated Ore extensions:
is , I = {i 1 , . . . , i s } (13) independently from the order, i.e. we assume to have a natural isomorphism between O q (V i ∩ V j ) and O q (V j ∩ V i ). This is in general a very restrictive hypothesis, neverthless we will see it is verified in some interesting examples in the next section.
We also define:
as the natural morphism obtained from the Ore extension.
Setting as usual V I = ∩ i∈I V i we immediately have the following proposition (c.f. Prop. 4.3). 
with the restriction maps r IJ : O q (V I ) → O q (V J ), defines a sheaf of O q (P )-comodule algebras on G/P = ∪ i∈I U i , and more in general on M := ∪ i∈J U i ⊆ G/P , where I ⊆ J ⊆ I.
Proof. The opens U I with I ⊂ I (and the empty set) form a basis B for a topology on G/P . Recalling Prop. 2.13 we just have to show that the assignment U I → F (U I ) := O q (V I ), with the restriction maps r IJ , defines a B-sheaf of O q (P )-comodule algebras. Since restrictions morphisms are actually algebra inclusions, using the existence of iterated Ore extension and their compatibility this is straighforwardly seen to be a B-sheaf of algebras and of O q (P )-comodule algebras.
The sheaf on the open submanifold M = U i∈J U i is simply obtained by considering the opens U I with I ⊆ J ⊆ I.
Quantum principal bundles on quantum homogeneous spaces
In the previous section we have constructed a sheaf of comodule algebras F on M ⊂ G/P . We now want to define a quantum ringed space structure on the topological space M as in Def. 2.8 and show that F is a quantum principal bundle on it. Notice that M coincides with G/P if J = I, while for J a proper subset of the set of indices I of the open cover {V i } i∈I of G, we have that M is a proper open subset of G/P . By Obs. 4.1 we know that {U i := π(V i )} i∈I is an open cover of G/P . Define O q (U i ) as the subalgebra of O q (G)S −1 i generated by the elements
Because of our (graded) Ore hypothesis, this is also the subalgebra of elements of degree zero inside O q (G/P )S −1 i and, for this reason, it is called the (non commutative) projective localization of O q (G/P ) at S i . Proposition 4.6. Let the notation be as above. The assignment
Proof. According to Prop. 2.13 it is enough to check that our assignment is a B-sheaf for the basis associated with the opens {U i }, but this is immediate by our hypothesis on the existence of iterated Ore extension and their compatibility. 
it is the subring in F (U i ) generated by the elements
Proof. By our definition of coaction δ i (see (12))
We now need to prove that the
generate the subring of coinvariants.
Hence zd r i ∈ O q (G/P ) r , which, by Lemma 4.2, is generated by the d j 's:
So, we have:
We now proceed by induction on r. The case r = 0 is clear. For generic r, since d i satisfies the Ore condition:
By induction we obtain:
hence our result.
We conclude summarizing the main results we have obtained.
Theorem 4.8. Let G be a semisimple complex algebraic group, P a parabolic subgroup, O q (G) and O q (P ) := O q (G)/I q (P ) the quantizations of their coordinate rings O(G) and O(P ). Let d be a quantum section (see Def. 3.6) and denote with {d i } i∈I a choice of linearly independent elements in the coproduct
} is Ore and that subsequent localizations do not depend on the order (see (13) ). Then:
2. The assignment:
If the sheaf F is locally cleft (see Def. 2.9) then F is a quantum principal bundle. 
Examples
In this section we apply the general theory we have developped and present quantum principal bundles over quantum projective spaces.
Quantum deformations of function algebras
We start with an important example of quantum group and its quantum homogeneous varieties. For more details see [26] and [14] .
Definition 5.1. We define the quantum matrices as the k q algebra O q (M n ):
where I M is the ideal of the Manin relations:
The quantum matrix algebra O q (M n ) is a bialgebra, with comultiplication and counit given by:
We define quantum general linear group to be the algebra
where det q is the quantum determinant:
where ℓ(σ) is the length of the permutation σ (see [31] for more details on quantum determinants). We define quantum special linear group to be the algebra
O q (GL n ) and O q (SL n ) are Hopf algebras and quantum deformations respectively of the general linear and the special linear groups.
Quantum principal bundles on quantum Projective spaces
We consider the special case of a maximal parabolic subgroup P of G = SL n of the form:
In this case G/P ≃ P n−1 is the complex projective space, and O(P n−1 ) is the corresponding free graded ring with n generators. Its quantization O q (P n−1 ) is well known and, for example, it is constructed in detailed in [14] (see Thm. 5.4 for r = 1), see also [11] . It is the homogeneous subring of O q (SL n ), cf. Def. 5.1, generated by the elements x i = a i,1 , i = 1, ...n. We can immediately give a presentation:
We reinterpret this construction in the framework of the theory of quantum principal bundles developed so far, obtaining a more intrinsic and natural definition of projective space as quantum homogeneous space.
Let O q (G) = O q (SL n ) be the quantum special linear group defined in Def. 5.1, and consider the quantum parabolic subgroup
where I q (P ) = (a i1 ) is the ideal generated by a i,1 , i ∈ I = {1, . . . n}. We use coordinates p ij for the images of the generators a ij under π :
Furthermore, from the coproduct
we choose the linearly independent elements
Hence, by Lemma 4.2, O q (SL n /P ) 1 , as defined in (9) , is the span of the d i . The quantum homogeneous projective variety O q (SL n /P ) is indeed generated in degree one and one can see immediately that O q (SL n /P ) coincides with O q (P n−1 ), as defined in (16) .
We now structure O q (P n−1 ) as a quantum ringed space and construct a sheaf of locally trivial O q (P )-comodule algebras, i.e., a quantum principal bundle on the quantum projective space, where O q (P ) is the quantum parabolic subgroup of O(SL n ) defined in (17) . Let us consider the two classical open covers of the topological spaces SL n and P n−1 respectively:
where a 0 ij denote the generators of O(SL n ) and similarly
is , does not depend on the order of the Ore extensions.
Proof. See [19, pp. 4 and 5] . Notice that a i,1 is a quantum minor of order 1 and two such minors q-commute, hence their product forms an Ore set.
Proposition 5.3. Let the notation be as in the previous section. The assignment:
is generated by a i1 a −1
11 and (SL n (C)/P, F coinv Oq(P ) ) is a quantum ringed space.
Proof. The first two statements are immediate by Prop. 4.5 and 4.7. The statement on the quantum ringed space is given by Prop. 4.6.
We now show that F is a quantum principal bundle on the quantum space (SL n (C)/P, F coinv Oq(P ) ). The only property to check is the locally cleft condition (see Def. 2.3, (2)). We actually show the stronger local triviality condition, i.e., the collection of maps j i : O q (P ) → F (U i ) are O q (P )-comodule algebra maps, hence, in particular, are cleaving maps (cf. Rem. 2.6). We shall make use of the definitions and results in Sec. 4.2.
In the commutative case we can consider the following equality, which encodes the local triviality of the classical principal bundle SL n (C) −→ SL n (C)/P ∼ = P n in the open defined by a 11 = 0: (k, l) . This gives us the motivation to state the following lemma.
11 ] be defined as:
Proof. We first show that j 1 is an algebra map. Clearly the a 1j 's satisfy the Manin relations among themselves and so do the D 
We leave this calculation as an exercise. We next check that j 1 is an O q (P )-comodule morphism, i.e. δ 1 • j 1 = (j 1 ⊗ id) • ∆ P , where ∆ P is the comultiplication in O q (P ) and δ 1 is the O q (P ) coaction on F (U 1 ) = O(V 1 ) as defined in Prop. 4.3. By [15] , we can write:
Since j 1 is an algebra map, it is enough to check the comodule property on the generators. Let us look at the case of p ij with i > 1, the case i = 1 being an easy calculation. So: 
On the other hand:
11 ⊗ p sj .
We now define the remaining maps j k : O q (P ) −→ O q (SL n )[a Proof. This is a direct check similar to Prop. 5.4. In fact, the observation that the commutation relations among a 1j 's (resp. −qD is , I = {i 1 , . . . , i s } defines a quantum principal bundle on the quantum ringed space (SL n (C)/P, F coinv Oq(P ) ).
Proof. After Prop. 5.3 we only need to prove the locally cleft property. This is a direct consequence of our previous treatment.
